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Abstract 
The aim of this study is to clarify the effect of the uncertainty of inputs in respect of output by rainfall-runoff 
process. In Japan, we have performed runoff analysis using deterministic model such as storage function model in 
the past. However, natural phenomena have various uncertainties. For example, rainfall-runoff analysis includes 
uncertainties of parameters or structure of model, and observed value of rainfall and water level. In this study, we 
attend the uncertainty of rainfall which is input data of runoff analysis and introduce the theory of stochastic process 
to runoff analysis due to quantify the uncertainties stochastically. We indicate the theoretical framework to evaluate 
the uncertainties using the relationship among stochastic differential equation (SDE) and Fokker-Planck equation 
(FPE), because the lumped rainfall-runoff model is described by ordinary differential equation. 
As a result, we introduce the theory of stochastic process to runoff analysis. And we make a suggestion of a new 
theoretical framework of uncertainty estimation regarding reliability analysis with the distribution of water level as 
external force and the failure probability of levee as resistance. 
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1. Background and Aim 
Due to the global climate change, the scale and frequency of natural disasters are more difficult to predict and 
measure. Extreme rainfall often brings an astonishing amount of water and causes very serious damage. According 
to the report of natural catastrophes 2014 “Analyses, assessments, positions 2015 issue”, most of the loss events are 
caused by the meteorological events and hydrological events are the most natural events during 1980 to 2014. Here 
the natural disaster events can be subdivided into the following four types, geophysical events, meteorological, 
hydrological and climatological events. From this statistic result, we can observe that in addition to geophysical 
events, other events induced by weather or climate change are growing year by year. In particular, in East Asia, 
there are serval typhoons hit every year. Therefore, how to predict, prevent and reduce the loss from natural 
disasters is a very important issue.  
However, most of the past studies on the analysis of natural disasters are based on the deterministic theory, it 
means that the analyses are only two results, safe or failure. It’s not enough to illustrate the real environment 
because there are a lot of uncertainty factors that would affect the occurrence of disasters. Moreover, all these 
natural disasters would affect the human activities like economic, transportation, social development and so on. 
Therefore, the most important is how to evaluate the hazard of disasters by considering the uncertainty of the 
disasters. 
The aim of this study is to clarify the effect of the uncertainty of inputs in respect of output by rainfall-runoff 
process, and introduce the theory of stochastic process and reliability analysis, the probability concept can be 
applied in the river engineering. 
2. Basic equation of rainfall-runoff in the single slope 
According to many approaches like an experiment, observation or numerical analysis, Yamada [1] proposed 
basic equation of a generalized rainfall-runoff model by mathematics. The equation applied to the single slope plays 
a very important role in the study. The following content is the summary of the rainfall-runoff model. The continuity 
equation is according to the relation between the submerged depth and the unit discharge of the single slope 
supposing a rectangular cross section as shown in Eq.(1). Furthermore, for the various runoff pattern the motion law 
is shown as Eq.(1), the average flow velocity of the cross section (the unit discharge) is shown as the multiplication 
ratio of the submerged depth. By combing Eq.(1) and Eq.(2), the unit discharge can be re-written as Eq.(3). 
Eq.(4)~Eq.(5) are the parameters of Eq.(3). The parameters Į and m refer to the unsaturated soil from Shimura [2], 
Suzuki [3] and Kubota [4]. 
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Here, v is the mean velocity of the cross section [mm/h]; h is the submerged depth [mm]; q is the unit discharge 
[mm2/h]; r(t) is the effective rainfall intensity [mm/h]; and Į and m are the parameters of the watershed. About Į 
and m, i is the gradient of slope; D is the depth of surface soil layer; Ȗ is the non-dimensional of soil permeability; ks 
is the permeation coefficient of soil; w is the effective void ratio. 
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Here the assumption is the rainfall would be directly flow out to the river, thus the possible affected area near the 
river is considered that the length of the slope surface is assumed to be very shorter than the length of real slope. 
Therefore, the q can be shown as Eq.(6) by the separation of variables method. The q (unit discharge) and q* (the 
height of runoff [mm/h]) will be shown as Eq.(7). Eq.(3) will be written like Eq.(8).  
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3. Uncertainty of hydrology 
Uncertainty in rainfall observation and estimation also can be categorized into natural inherent variability 
(aleatory) and knowledge uncertainty (epistemic). The data of rainfall are gotten from the several methods like 
rainfall gauge on the ground or weather radar. With different method, it exists the following uncertainty. Aleatory 
uncertainty of rainfall consists of physical uncertainty with temporal and spatial. And, epistemic uncertainty of 
rainfall consists of characterizing uncertainty, model uncertainty, transformation uncertainty, which can be related to 
incomplete knowledge. On the other hand, the uncertainties in hydrology model stem mainly from the three 
important sources, observational uncertainty, model uncertainty, and parameter uncertainty. [5] 
Observational uncertainty is related to the observation used for rainfall-runoff modelling. The observation is the 
measurement of the input rainfall and output discharge of the hydrological systems and sometimes of its states (like 
water content, ground water or others). The observational uncertainty usually consists of two components: 
measurement deviation due to instrumental and human error; deviation due to inadequate representation of a data 
sample due to scale incompatibility or difference in time and space. 
Model uncertainty means a model is a simplified representation of the real environment. The real processes are 
greatly simplified while deriving the basic concepts and equations of the model with inappropriate approximations. 
Model deviations can also arise from the mathematical implementation that transforms a conceptual model into a 
numerical model. 
Parameter uncertainty is in the model parameters results from an inability to accurately quantify the input 
parameters of a model. The parameters of the model may not have direct physical meaning. Furthermore, those 
parameters that have a physical meaning cannot be directly measured or it is too costly to measure them in the field. 
The values of such parameters are generally estimated by indirect means. 
 
4. Uncertainty of water level based on stochastic process theory 
In this chapter, the uncertainty of water level will base on the relation between the runoff heights of stochastic 
differential equation and the mathematic equation of Fokker-Planck to obtain the uncertainty of rainfall and runoff.  
The input of rainfall intensity is      trtrtr c , and it shows the mean value  tr  of rainfall with dispersion 
 trc . After difference, Eq.(8) can be written to give a new equation like Eq.(9). 
 
  dtrqadtqrqadq c EE *0**0*  (9)
 
 Here the  trc  is assumed to the dwTLV . Here dw is the microtime amount ofchange according to normal 
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Fig. 1. (a) Hydrograph calculated deterministically; (b) Time development of PDE calculated by Fokker-Planck equation. 
 
distribution  dtN ,0  that is based on Wiener process. It shows that the uncertainty of rainfall is the normal 
distribution. dwTLV  is used from the diffusion theory of G.I. Taylor, ı is the standard deviation of rainfall time 
series, and TL is time constant. The Eq.(9) can be rewritten like Eq.(10). 
 
  dwTqadtqrqadq LVEE *0**0*   (10)
 
The first term of right side Eq.(10) is determinate and the second term is stochastic. In addition, Fokker-Planck 
equation is known to describe the development at the time of the existence density function of the specimen with the 
phenomena with the probability differential equation. For an Ito process driven by the standard Wiener process and 
described by the SDE Eq.(11): 
 
   dwtxzdttxydx ,,   (11)
 
With drift    **0, qrqatxy  E  and diffusion coefficient   LTqatxz VE*0,  , the Fokker-Planck equation, 
Eq.(12), for the probability density p of the random variable is as the Eq.(13). 
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Eq.(13) is the probability distribution of runoff height with time by Fokker-Planck equation. Then, if the constant 
is assumed, the Eq.(13) can be written to Eq.(14) with the analytical solution of probability distribution of runoff 
height. Fig. 1 is the comparison of hydrograph calculated deterministically and stochastic method. 
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Here P0 is an integration constant. It is a probability density function (PDF) about runoff height q* of steady flow 
and it assumed Eq.(14) the basic expression equation.  
Also the PDF of discharge and water level could be transformed as follows description. First a stochastic variable 
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Fig. 2. (a) Probability distribution of the discharge from uncertainty rainfall;  
(b) Probability distribution of the water level from uncertainty rainfall.
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X is assumed then the PDF would be transferred to fX (x). At the same time, the function of X, Y=g(X) , and the PDF 
of Y, fY (y) , as following equation Eq.(15). 
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In brief, the relation of runoff height and discharge, the relation of runoff height and water level or the relation of 
discharge and water level may be easy to transform to the PDF with discharge and water level. For example, the 
relation equation of the watershed area A [km2], runoff height of watershed q* [mm/h] and the discharge on the 
concentration point of watershed Q [m3/s] is as following equation. 
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 Then Eq.(16) may be transformed as Eq.(17). From the PDF of runoff height to the PDF of discharge, the 
equation can be shown as Eq.(18) and its’ deformation Eq.(19). Finally, the Eq.(20) is the probability density 
function of the water level. 
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Here B is the width of river channel [m], n is the roughness coefficient of the river and i is the grade of the river. 
However, the width B, the roughness coefficient n and the grade I may affect the calculation results because of the 
scale of watersheds. Kure, Yamada et al. proposed that when the area of the watershed is 100 ~ 200 km2, the effect 
may be ignored. Fig. 2 is the probability distribution of the discharge by Eq.(17) and Fig. 2 is the probability 
distribution of the water level by transforming equation, Eq.(20). 
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5. Reliability analysis with the distribution of water level as external force and the failure probability of levee 
as resistance to reliability analysis  
We make a suggestion of a new theoretical framework of uncertainty estimation regarding reliability analysis 
with the distribution of water level as external force and the failure probability of levee as resistance. Fig.3 shows 
the figure of levee and water level and probability distribution of water level and the failure probability of levee. If 
we calculate the probability distribution of water level and the failure probability of levee, it is very useful matter for 
discussing about the timing of evacuation judgement.  
 
 
6. Conclusion 
In this study, the main aim is to clarify the effect of the uncertainty of inputs in respect of output by rainfall-runoff 
process. We introduce the theory of stochastic process to runoff analysis due to quantify the uncertainties 
stochastically. And, we indicate the theoretical framework to evaluate the uncertainties using the relationship among 
stochastic differential equation (SDE) and Fokker-Planck equation (FPE). We introduce the theory of stochastic 
process to runoff analysis. And we make a suggestion of a new theoretical framework of uncertainty estimation 
regarding reliability analysis with the distribution of water level as external force and the failure probability of levee 
as resistance. 
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Fig. 3. (a) Figure of levee and water level; (b) Probability distribution of water level and the failure probability of levee. 
